On 



Supersymmetric Janus solutions 
in five and ten dimensions 



Minwoo Suh 

Department of Physics and Astronomy 
,-H University of Southern California 

^ Los Angeles, CA 90089, USA 

Oh 

in 

00 



minsuhOusc . edu 



' (— i ' Abstract 

'^ We explicitly truncate AA = 8 gauged supergravity in five dimensions to its S'f/(3)- 

bj invariant sector with dilaton and axion fields. We show that this truncation has a solution 

;-Q^ which is identical to the super Janus constructed in AA = 2 gauged supergravity in five 

dimensions. Then we lift the solution of the S'f7(3)-invariant truncation to type IIB super- 

^ gravity by employing the consistent truncation ansatz. We show that the lifted solution falls 



into a special case of the supersymmetric Janus solutions constructed in type IIB super- 



r ■ gravity. Additionally, we also prove that the lifted solution provides a particular example 

of the consistent truncations of type IIB supergravity on Sasaki-Einstein manifolds. 
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1 Introduction 

The Janus solutions provide a class of examples for the AdS/CFT correspondence pQ. The Janus 
solutions are characterized by two main features: (i) they are AdS-domain wall solutions with 
an interface, (ii) the dilaton field takes constant values on both sides of the interface, but it 
jumps across the interface. As the dilaton field is not constant, the coupling constant of the 
dual gauge theory varies across the interface, i.e. the dual gauge theories are defect conformal 
field theories. The first example of Janus solutions was discovered in type IIB supergravity 
with no supersymmetries by Bak, Gutperle and Hirano in [2] . The dual gauge theory is A^ = 4 
super Yang-Mills theory in 3+1 dimensions with a 2+1 dimensional interface. Even though this 
solution breaks all the supersymmetries, the stability against a large class of perturbations was 
proved in ||2l |3] . 

After the discovery of the original Janus solution, the dual gauge theory was studied in [1] . 
It was observed that by reducing SO (6) R-symmetry of the dual gauge theory down to at least 
SU{3), some supersymmetries were restored. Motivated by this observation, Clark and Karch 
constructed a supersymmetric Janus solution with SU{3) isometry, super Janus [5], based on the 
studies of curved domain wall solutions [HI [71 IHl El HD] in A/" = 2 gauged supergravity with one 
hypermultiplet in five dimensions fTR [T2] . 

Later, Janus gauge theories were constructed more systematically in [13] . It gives the complete 
classification of all possible Janus solutions in type IIB supergravity. According to the classi- 
fication, there are four kinds of solutions with ^0(6), 5[/(3), ^[/(2)x[/(l) and SO{3)xSO{3) 
isometrics, and each of them has zero, four, eight, and sixteen Poincare supersymmetries, respec- 
tively. Among these, the Janus solution with no supersymmetry is the original Janus solution 
[2]. By D'Hoker, Estes and Gutperle, the Janus solutions with four and sixteen supersymmetries 
were constructed in type IIB supergravity in [H] and [15], [16], respectively. Later, the Janus field 
theories in [13] were generalized to allow the theta-angle to vary which is holographicalUy dual 
to the axion field, and were also applied to construct three-dimensional Chern-Simons theories 
with A/" = 4 supersymmetries in [T7] . 

Despite of all these developments in Janus geometries, as the five- and ten-dimensional solu- 
tions were constructed independently, the relation between those solutions are far from obvious. 
However, as A/" = 2 gauged supergravity with one hypermultiplet is a truncation of A/" = 8 gauged 
supergravity in five dimensions [TH [191 [20] , it was conjectured by Clark and Karch in [1] that the 
super Janus in A/" = 2 gauged supergravity would be embedded in A/" = 8 gauged supergravity in 
five dimensions. If this embedding could be achieved, as the lift of A/" = 8 gauged supergravity 
to type IIB supergravity is readily known [211|22l[23], one should be able to uplift the supersym- 
metric Janus solution in five dimensions to the one in IIB. This will provide us with the bridge 
between the known supersymmetric Janus solutions in five and ten dimensions. 



In order to address these questions, we will revisit the S'[/(3)-invariant truncation of A/" = 8 
gauged supergravity in five dimensions which was studied in [20] and [211 ISS |26] . Later it was 
uplifted to type IIB supergravity in [23]. However, in these studies, there was only one real scalar 
field in the fiat domain wall, and the dilaton/axion fields were suppressed. In order to construct 
Janus solutions, we will generalize the previous studies in two aspects: (i) we extend the field 
content to include the dilaton/axion fields, so we will have two complex or four real scalar fields, 
(ii) we consider the AdS-domam wall instead of the fiat domain wall. However, as it was known 
in TV = 2 gauged supergravity in five dimensions in [HI |9], we will find that the two directions 
of generalization are in fact equivalent, i.e. one can turn on the dilaton/axion fields only in the 
curved background, and vice versa. Finally we will show that the S't/(3)-invariant truncation 
with the dilaton/axion fields indeed has a solution identical to the super Janus in [3]. 

Then we will uplift the solution of the S'f/(3)-invariant truncation to type IIB supergravity 
by employing the consistent truncation ansatz for metric and dilaton/axion fields in [211 122[ [23] . 
Though there are the lift formulae for three- and five-form fiuxes proposed in [28], we find that 
they do not work for the curved domain walls. We propose modified lift formulae similar to those 
of [2E] for three- and five-form fiuxes, and check that they generate correct fiuxes for the cases 
we are considering. Finally we will show that the lift of the S'f/(3)-invariant truncation indeed 
falls into a special case of the supersymmetric Janus solution in type IIB supergravity in [14j . 

Of independent interest from the Janus solutions, there has been notable development in 
consistent truncation of type IIB supergravity on Sasaki-Einstein manifolds recently [^ ISU] 
ED E2]. We will show that the lift of the S't/(3)-invariant truncation to type IIB supergravity 
provides a particular example of the truncation in [291 130] . 

In section 2 we begin by studying the S'f/(3)-invariant truncation of A/" = 8 gauged super- 
gravity in five dimensions with dilaton and axion fields. In section 3 we show that a solution 
of the S'[/(3)-invariant truncation is identical to the super Janus in A/" = 2 supergravity in five 
dimensions. In section 4 we lift the solution of the S't/(3)-invariant truncation to type IIB super- 
gravity by employing consistent truncation ansatz for metric and dilaton/axion fields. In section 
5 we show that the lifted metric and dilaton/axion fields completely fixes the supersymmetric 
Janus solution with SU{3) isometry in type IIB supergravity. In section 6 we continue the hft 
of the 5't/(3)-invariant truncation for three- and five-form fiuxes. In section 7 we consider the 
consistent truncation of type IIB supergravity on Sasaki-Einstein manifolds in relation with the 
5'f/(3)-invariant truncation. In section 8 concluding remarks are offered. In appendix A we briefly 
review A/" = 8 gauged supergravity in flve dimensions. In appendix B the SU{2, 1) algebra is 
presented. In appendix C details of the supersymmetry variation for spin-3/2 fields are presented 
for the S't/(3)-invariant truncation. Appendix D summarizes the different parametrizations of 
the scalar manifold in this paper. In appendix E we present the field equations in five dimensions. 



2 Truncation oi J\f = 8 gauged supergravity in five di- 
mensions 

2.1 The 5'[/(3)-invariant truncation 

We study the S'f/(3)-invariant truncation of A/" = 8 gauged supergravity in five dimensions. 
There are a graviton e^**, a vector field A^, and four real scalars Xi for the bosonic field content 
in the S'f/(3)-invariant sector. As mentioned in the introduction, there have been studies on the 
5'f/(3)-invariant truncation in 1201 EH EHl [26] and [23], but there was only one real scalar field as 
a consistent subsector in these studies. Here we extend the field content to all four scalar fields 
including dilaton and axion fields. 

The 42 scalar fields of A/" = 8 gauged supergravity in five dimensions live on the coset manifold 
E6(6)/USp{8). The basic structure of the coset manifold is explained in [20], and is summarized 
in appendix A. Fundamental representation of -£^6(6) is real and 27-dimensional. The infinitesimal 
£^6(6) transformation in the SL(6,M.)xSL{2,'R) basis, {zjj, z^"'), is |20] 

5zij = -A^'iZKj -A^'j ziK + T.IJKP z''^ , (2.1) 

5zi^ = A'k ^""^ + A" ^ zjp + E^^^'^ ZKL , (2.2) 

where A^ j and A° /j are real and traceless generators of SL{6, M) and SL{2, M) respectively, and 
^ijKa is real and antisymmetric in UK. 

Among the -Eece) generators, the SU{3) generators of the gauge group SO (6) are the ones 
that commute with the complex structure, Ju, which is an antisymmetric tensor with nonzero 
components, J12 = J34 = J56 = 1- Then we obtain the 5'[/(3)-invariant generators by finding 
ones which commute with the SU{3) generators. There are eight 5'f/(3)-invariant generators, 
and they close onto an SU{2, 1) algebra, 

y(l) _ I fAlSSr _ X2468N , /XlSeS _ X2457N , ('Xl458 _ x2367^ _ ,'^1467 _ ^2358n /r, o\ 

y{2) _ , /_rl358 _ X2467N , |'xl367 , x2458n , ('xl457 , r2368x _ |'_xl468 _ x2357n (c. a\ 

y(3) _ I fXlSSS _ X2467^ , ('Xl367 _ x2458n , ('Xl457 _ ^2368n _ /rl468 _ x2357n fc. crA 

y(4) _ I |'Xl357 , ^2468^ , |'_Xl368 _ x2457n , |'_Xl458 _ x2367a _ ('Xl467 , ^2358n /r, ^.n 

A^'^'j = Jij, (2.7) 

A(^)% = (Si)%, (2.8) 

A(^)% = (^2)%, (2.9) 

A(8)"^ = (53)%, (2.10) 



where 
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-1 



(2.11^ 



are three SL{2,'R) generators. We refer to appendix B for the SU{2, 1) algebra of these genera- 
tors. The generators A^^\ A*^^) are symmetric, and with the self-duahty defined by 



^IJKa — + n ^IJKLMNP ^aB ^ , 

D 



(2.12) 



j](i)j j](2) g^j-e self-duaL By computing the Cartan-Kilhng form [2U] these symmetric and self-dual 
generators turn out to be the noncompact generators of the scalar manifold [12], 

SU{2,1) 



M = 

SU{2)xU{l) 

We exponentiate the transformations by four noncompact generators. 



(2.13) 



Ti 



S(i) 



4^2 
T3 = -L (A(7) + A(6)) 



T2 
T4 



4:V2 
1 



S(2) 



(A(^) - A(6)) , 



(2.14) 



2V2 2V2 

with parameters, xi, X2, x^, X4, respectively. Schematically the exponentiation of the generators 



IS 



g(x3 Ta + X4 Ti) g(a;i T1+X2T2) ^ 



^. ^ g.^o^o , --,^,y gv^. ^. , ^. ^., ^_ (2.15) 

From the exponentiation we can extract the coset representatives in the SL{Q, M) x SL{2, M) basis. 



U" KL, f/^*'-^", Uia ^^ and Uja •^^, by ([A1| and ([A^. The coset representatives in the USp{8) 



basis, V^■^''^ V/„"^ are obtained by ( |Al3| and dXI) ). 

Now with the coset representatives in the USp{8) basis, we can reduce the Lagrangian of the 
5't/(3)-invariant truncation. We introduce an angular parametrization of the scalar fields. 



xi = 2 X cos ijj , X2 = 2x sinip , 
X3 = 2(f) cos a , X4 = 2 sin a . 



The bosonic part of the Lagrangian is 



e-'C = --R + C^n + V - -F^.F^'' + Ccs ■ 



(2.16) 



(2.17) 



where the kinetic term for the scalar fields is 



^df^xd^X + g sinh^(2x) {df^ip + sinh^S^a + g A^,)' 



+ cosh^ X { 7: 9, 



+ - sinh^ (2 (p) d^a d^a 



(2.18) 



and the scalar potential is 

^ = ^/ (cosh2(2x) - 4 cosh(2x) - s) . (2.19) 

Note that the scalar potential is manifestly invariant under S'L(2,M), i.e. it is independent of (j) 
and a. We note that and a are dilaton and axion fields in five dimensions. 

The scalar potential admits two critical points which are the AdS^ vacua in the SU{'i)- 
invariant truncation [211 [33] F] One of the critical points is the J\f = 8 supersymmetric S0{6) 
point where x = and V = — \g'^- This point lifts to AdS^ x S^ vacua in type IIB supergravity. 
Another one is the nonsupersymmtric S'f/(3) point where X= \ log(2 — v3) and "^ = ~ H^'^' 
This point lifts to a solution found by Romans in type IIB supergravity in |27j. The holographic 
renormalization flows studied in p^ |25| [26l [22] and the domain wall solution for holographic 
superconductor in [33 ES] flow to this critical point. 

Before we finish this section, let us count the number of bosonic fields in the S'f/(3)-invariant 
truncation. In the full theory, under the gauge group, SU{4) ~ S'0(6), 1 graviton e^ "• transforms 
as 1, 15 vector fields A^u as 15, 12 two-form tensor fields Bf^u^" as 6 + 6, and 42 scalar fields 
^abcd as 20' + 10 + To + 1 + 1. By breaking S'f/(4) down to SU{3) they branch as [25] 
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—)■ 


1, 


(2.20) 


Af,ij 


15 


-> 


8 + 3 + 3 + 1, 


(2.21) 


ryla 


6 + 6 


-;■ 


(3 + 3) + (3 + 3), 


(2.22) 




20' 


^ 


8 + 6 + 6, 




labcd 


10 + 10 


-;■ 


(1 + 3 + 6) + (1 + 3 + 6), 


(2.23) 




1 + 1 


-)■ 


1 + 1, 





so we have a graviton e^u", a vector field A^, and four scalars Xi in the S'[/(3)-invariant sector. 

2.2 The supersymmetry equations 

In this subsection we will explicitly derive the supersymmetry equations for the S'f/(3)-invariant 
truncation with the dilaton and axion fields, and then solve them numerically. Some equivalent 
equations in A^ = 2 gauged supergravity were obtained in [6l [9], however, this subsection is to 
have equations in the parametrization oi N" = 8 gauged supergravity in five dimensions. 
We will consider the AdS-domain wall, 

ds' = e'^^^Usl,s, + dr\ (2.24) 



^ The scalar field x was denoted hy tpi = x in 



where 






^2zll 



i+df 



dx^ 



dy' 



dz\ 



(2.25) 



When I — )■ oo, it reduces to the flat domain waU. 

We begin by considering the superpotential and the spinors in five dimensions. The super- 
potential, W , is obtained as one of the eigenvalues of Wah tensor 



Wa,rfl, 



k) 



Wv% 



Vik) 



(2.26) 



where k = 1, 2. There are two eigenvalues with degeneracy of two and six, and they are, 
respectively, 

m = -^(l + cosh(2x)), (2.27) 

W2 = -^(5 + cosh(2x)), (2.28) 

but only W = Wi gives the scalar potential by 



V 



dW 



dipi 



\W\ 



where i^i = x, 0, V'; ^t- The eigenvectors, r]?^^, 7]%^ for the superpotential, W, are 

r/f,) = (0,1,0,1,-1,0,1,0), 
r^fa) = (-1,0,1,0,0,-1,0,-1), 

and they are related to each other by 



n 



ab V{1) 



%)' 



Q 



ab V{2) 



vh 



(2.29) 



(2.30) 
(2.31) 



(2.32) 



where Qab is the USp{8) symplectic form given in e.g. |33j. We employed the gamma matrix 
conventions in |3Bj- Then the S'[/(3)-invariant five-dimensional spinors are defined by 



^(1) ei + V{2) £2 , 



(2.33) 
(2.34) 



where ei and €2 are spinors with four complex components. 

The supersymmetry equations are obtained by setting the supersymmetry variations of 
fermionic fields, i.e. the spin-3/2 and spin-1/2 fields, to zero. For the supersymmetry anal- 
ysis we will suppress the gauge field, A^, below. The bosonic parts of the variations are 

1 



SXabc 



D^^Ea 



6 



gWabl^.e'^ 



V~2 



1^ P,,abcd e"' - 2 ^ ^'^«'«= ^"^ 



(2.35) 
(2.36) 



First we solve the spin-3/2 field variation. For the t-, x-, y- directions, (2.35) reduces to 



From the integrability of the variation, we obtain [6l [9] 



u' = T-gW^, 



where 



7 






9e-2^ 



(2.37) 



(2.38) 



(2.39) 



and the prime is a derivative with respect to the r-coordinate. From here the upper and lower 
signs in equations are related. Note that for the flat domain wall, / — )■ oo, we have 7 = 1. We 
also obtain a projection condition for the spinors. 



ei = +(=F7 7 



(4) 



1^^7(3)) 62 



£2 



IT 7 7 



(4) 



1^^7(3)) ei. 



(2.40) 
(2.41) 



For the fiat domain wall limit, / — ;■ cxd, it reduced to the projection condition in 

Before proceeding to the spin-1/2 field variation, let us consider the projection condition in 
(2.40) and (2.41). By multiplying 7*^^^ on both sides of (2.40) and (2.41) and rearranging them. 




±7 








'1-7^ 



-,^(4)^(3)^2 
+ ,^(4)^(3)^^ 



(2.42) 



Without losing generality, we define an operator, P = — z 7^'^ 7 
sional spinors as 

Pei = — cos^ei + sin ^62 

P £2 = + sin 6* ei + cos 9 €2 



(4) ^(3) -y^^iiich acts on the five dimen- 



(2.43) 
(2.44) 



where 6 = 9{r). It satisfies the property, P^ = 1. Then the final projection condition is given by 



7^'^ h = ^ 



±-f{cT%, + Vl-72 {cose{a% + sm9{a%,) 



^j ' 



(2.45) 



where a^, 2 = 1,2, 3, are the Pauli matrices. Similar projection condition was obtained in A/" 
2 gauged supergravity in [HI E] . 



Now we solve the spin-1/2 field variation. The variation (2.36) reduces to 

ei - niij'^^^^tj = 0, 



(2.46) 



8 



where 



and 



rrii 



Till + 1712 — 1^3 
1714 + ^^5 



m^ 



1715 



-nil + T^2 



(2.47) 



mg 



mi 



1712 



mg 



2 

3^ 
2 

3^ 
2 

3^ 



i cschx f sin(a — -j/^) 0' + - sinh(2 1 



cos a 



'?/') a' 



sinh a' 



2 / 1 

7714 = H 7cschx ( cos(a — ip) 4'' + - sinh(2( 

3 g V 2 



sm a 



7775 



'9 
4 
+ -- csch(2 x) x' ' 
3^ 



7/;) a' 



Using the projection condition (|2.45|) in (|2.46|), we obtain the supersymmetry equations, 

sinh X , 



X 
a 

7/;' 



'^7^9 \/l - 7^ cos(a - ip + 

3 w X ^ ^W^ 

T -^7Sinh(2x) = ±-^7, 



-3gx/l 
3 



^ 



7^ sin(a — ijj + 6')csch(2 0) sinh^, 
- 7^ sin(a — ip + 6) tanh0 sinh^. 



(2.48) 

(2.49) 
(2.50) 
(2.51) 
(2.52) 



We have also obtained the field equations, and they are presented in appendix E. We verified 



that the supersymmetry equations, (2.38) and (2.49)-(2.52), are indeed consistent with the field 



equations, provided that one adds a condition on the phase of the projection, 6, 



g a/1 — 7^ sin(a — ip + 6) tanh sinh x ■ 



(2.53) 



Note that the supersymmetry equations imply that in the limit, / — )■ oo, which describes a flat 
domain wall, we must set 0, a, ip to be constants, i.e. the dilaton/axion fields decouple, and vice 
versa. One can turn on the dilaton/axion fields only in the curved domain wall [SI Ej- 

We have also checked the integrability of the spin-3/2 field variations for the r- and z- 
directions, but they do not generate any new constraint on the supersymmetry. The variations 
for these directions are presented in appendix C On the other hand, by solving the spin-3/2 field 
variation for the r-direction, we obtain the r-dependence of the spinors [^ 



e2(r) 



,C//2 



COS I sm ^ 



sm 2 cos 2 




p(0) 

=1 

?{0) 



(2.54) 



where e\ , i = 1, 2, are independent of the r-coordinate, and cos A = 7. This explains the fact 
that all the integrability conditions have been satisifed, i.e. an explicit solution to a system of 
equations must satisfy all integrabilities automatically 



Let us also comment that one can show that the projection condition, (2.45), is in fact 



identical to the spin-1/2 field variation, (2.46), by using the supersymmetry equations, (2.38) 



and (2.49)-(2.52). This proves that (2.45) is indeed the most general projection condition. 



Now we numerically solve the supersymmetry equations, (2.38) and (2.49)-(2.52). We choose 



the upper sign for r > and the lower sign for r < [5j. There is a narrow range of initial 
conditions which gives smooth and nonsingular solutions. 



4 5 



(2.55) 



where the minimum is obtained from < 7 < 1, and the maximum is from t/" > [5j- Outside 
of this range the solution becomes singular at the domain wall i.e. at the origin. A numerical 
solution in the critical range is plotted in figure 1, with the choice of initial conditions, U{0) = 0, 
X(0) = 0.01, ^(0) = 0.1, 0(0) = 1, a(0) = 0.1, ^(0) = 0.1, and g = 2. Note that the five- 
dimensional dilaton and axion fields, (f) and a, exhibit the dilaton profile of Janus solutions, i.e. 
it takes constant values on both sides of the interface, but jumps across the interface. Indeed we 
will explicitly identify the solution to be the supersymmetric Janus solution in five dimensions 
in the next section. 
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Figure 1: A numerical solution of the supersymmetry equations 
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Before we close this section, let us count the number of supersymmetries the solution has. 
Each five- dimensional spinor, ii, i = 1, 2, has four complex components, so we have sixteen real 
supercharges in total to begin with. The Majorana-Weyl condition on five- dimensional spinors 
halves the number of real supercharges to eight. Then the only projection condition we have, 



(2.45), also halves the number to four, so we have an A/" = 1 supersymmetric solution. 



3 Super Janus in Af = 2 gauged supergravity in five di- 
mensions 



There is a supersymmetric Janus solution, the super Janus, discovered by Clark and Karch in 
M = 2 gauged supergravity in five dimensions [5]. In this section we will show that the solution 
in the 5'f/(3)-invariant truncation in the previous section is indeed identical to the super Janus. 
We briefly review M = 2 gauged supergravity with one hypermultiplet in five dimensions 
im [T2] . The bosonic sector of the theory has a graviton e^", a vector field A^, and four scalar 
fields q^ . The scalar fields parametrize the coset manifold 5[772TxmTT- '^^^ bosonic part of the 
Lagrangian is 

e~'£ = -^i? - \gxYD,q''D^q'' - V{q) - \f,, F^^ + Ccs , (3.1) 

where 

D.q"" = d^q"" + gA^K'^iq), (3.2) 

and K-^ are the Killing vectors of the gauged isometries on the scalar manifold, [j Parametrizing 
the scalar fields by q^ = {V, a, R, a}, nthe scalar potential is given by 

,„ of 3R 3R \ 

^ = « (-e - — + -FFJ . (3-3) 

and the superpotential is 

W = l + y. (3.4) 

The metric qxy of the scalar manifold is 

^^' = ^2dV' + ^rf^' - ^dada + ^ dR' + ^ (1 + y)da\ (3.5) 

As A/" = 2 gauged supergravity with one hypermultiplet is equivalent to the S'f/(3)-invariant 
truncation of A/" = 8 gauged supergravity, they have identical field content and the scalar mani- 
fold. 



2 



In this section, g denotes the couphng constant of the super Janus, which is three times smaller than the 

1 
3 ■ 



one for the 5'C7(3)-invariant truncation, g''"?"' •'''""'' = \ ^sc/ls) 



■^ The scalar field, R, was denoted by r in iSJ. It should not be confused with the Ricci scalar in (3.1 1 
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Now we briefly review the super Janus in A/" = 2 gauged supergravity [5]. The metric is 



the AfiS*- domain wall, (2.24), which we employed for the background of the S'f/(3)-invariant 
truncation in section 2. There are also four scalar fields. 



V = V{r) , a = a{r) , R = R{r) , a = a{r) 



(3.6) 



which depend on the r-coordinate only. The gauge field, A^, will be suppressed. Then from the 
supersymmetry variations, one obtains the supersymmetry equations. 



u' = TgWj, 

V' = Qg (tR^I + RVV ^ 
R! = 3g (±i?7 + 



T 



i?2 



V 



1—7^ 



where 



7 



A2 e-^u 



(3.7) 
(3.8) 

(3.9) 

and the scalar fields a and a are consistently set to be constant. Then, numerically plotting 
V = V{r), we find that it exhibits the nontrivial profile of the dilaton field in Janus solutions. 

Now we prove the equivalence of the super Janus and the solution in the S'f/(3)-invariant 
truncation. One can reparametrize {V, a, R, a} in terms of {x, "ip, 0, a} by using the inhomo- 
geneous coordinates, Q, i = 1, 2, on the scalar manifold as an intermediate parametrization. We 
present the details of the reparametrization in appendix D. By employing the reparametrization 



to the action of the S'f/(3)-invariant truncation, (2.17), we find that it precisely reduces to the 



action of the super Janus, (3.1). Then, as the supersymmetry equations, (3.8) and (3.9), are for 



the special case of constant a and a, they turn out to be the supersymmetry equations of the 



S'f/(3)-invariant truncation, (2.49)-(2.52), with the constant phases, i.e. ip and a are constant, or 
more specifically, a — ip +6 = 0. This proves that the solution of the S'[/(3)-invariant truncation 
considered in section 2 is indeed equivalent to the super Janus. 
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4 Lift of the S't/(3)-invariant truncation to type IIB su- 
pergravity 

We uplift the 5'[/(3)-invariant truncation in section 2 to type IIB supergravity by the consistent 
truncation ansat^ The consistent truncation ansatz for metric and dilaton/axion fields were 
presented in [211 1221 [23] • By employing the ansatz, lift of the S'f/(3)-invariant truncation was 
performed in [23], however, the five-dimensional dilaton/axion fields were suppressed. In this 
section we will lift the five-dimensional dilaton/axion fields, and as a consequence, we will have 
nontrivial IIB dilaton/axion fields. We postpone the lift of fluxes to section 6. 

4.1 The metric 

The ten-dimensional metric is given by 

ds"^ = n'^dsl^ + dsl, (4.1) 

where dsf 4 is an arbitrary solution of A/" = 8 gauged supergravity in five dimensions. In order to 



have Janus solution we employ the AdS-doiaain wall metric, (2.24). The consistent truncation 



ansatz for the inverse metric of internal space is given by [2T1 [221 123] 

A-i gPI = 1 K''P ir^^^ Vljab VKLcd ^^^ fi'", (4.2) 

where K^-^^ are Killing vectors on round 5*^, fi"'' is a USp{8) symplectic form, A = det^'"^ (gmpd^''), 
and g^'^ is the inverse of the round 5*^ metric. The A is obtained by taking the determinant on 
both sides of the ansatz, and Q"^ = A~3 is the warp factor. 

To apply the consistent truncation ansatz, we first prepare the proper coordinates in which 
the SU{3) isometry of internal space is manifest [23]. In Cartesian coordinates, y^ , I = 1, . . . , 6, 
on M^, we think of S^ defined by the surface E/ (y^)^ = 1. Let us introduce complex coordinates 
corresponding to the complex structure, Jjj, 

U^ = y^ + iy'^^ U^ = y^ + i y^ ^ U^ = y^ + iy^ . (4.3) 

We then introduce the complex coordinates where C-, i = 1, 2, are the complex projective 
coordinates on CP2, and (p is the U{1) Hopf fiber angle 

■\ „ . , u' = (1 + C' Ci + e (2)-'^' e-^^ . (4.4) 




^ Here the consistent truncation ansatz means type IIB supergravity fields expressed in terms of five- 
dimensional fields of A/" = 8 gauged supergravity. On the other hand, there are consistent truncations from 
different directions, i.e. five-dimensional actions obtained by truncating type IIB supergravity, e.g. [221 [32]. We 
will consider them in section 7. 
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Convenient real coordinates for the complex coordinates are [23] 

tan 6* g{ai, ^2, as) | | , (4.5) 

where g (01,02,03) is an SU{2) invariant matrix in terms of Euler angles, e.g. 

<7(ai, 02, «3) = ^'^ ^'M . (4.6) 

' -e+t("^-"3)sin(f) e+t("i + -3)cos(f) ' 

With the choice of above coordinates, the lifted metric of internal space reduces to 

ds^ = — - — <is^p„ + coshx(d(jp + - sin^6'cr3)^, (4.7) 

cosh X 2 

where 

dslp^ = de^ + j sinH {al + al + cos^ 6 a^) , (4.8) 

n = cosh^/2 X , (4.9) 

and ai are the left-invariant one-forms of SU{2), 

CTi = —sin 02 cos 03^01 + sin 03(^02, 
(72 = + sin 02 sina^dai + cos 03^02, 
(73 = — cosa2'^ai —das, (4.10) 

which satisfy dai = | eijk ctj A ak. As mentioned before, lift of the S't/(3)-invariant truncation 
was performed in section 9 of [23j without the five-dimensional dilaton/axion fields. Compared 
to the parametrization of internal space in [2^, here we have Oj — )• —ai,6 — )■ —d,(p — )■ —f. 



Besides the parametrization, the lifted metric, (4.7), is identical to the one in [23], ^-e. it is 



independent of the five-dimensional dilaton/axion fields, and a. 

4.2 The dilaton/axion fields 

The IIB dilaton/axion fields ($, C(o)) form a complex scalar, r, and are related to B by 

r = C(o)+^e-* = ^\^, (4.11) 

and / is defined by 

/ = , ^ (4.12) 



14 



The consistent truncation ansatz for the dilaton/axion fields is given by [22] 
A-t {SS'^r^ = const X e'^-'e^'Vj, '^'Vjs ""y' y' ^1^,^,,. 
From the ansatz the dilaton/axion field matrix, S, in the SL{2,'R) basis reduces to 



(4.13) 



S 



2 + {B + B*) i{B - B*) 
1^\- \B\^ \ i{B -B*) 2 - (5 + B* 



where 



B = ie'" tanh0. 
By changing the basis to 5^7(1, 1), we obtain the dilaton/axion field matrix, V, [22] 



V = u-'su = f 



1 B 
B* 1 



U 



1 1 

i —i 



where 



The IIB dilaton and axion fields are 



/ = cosh . 



$ = In ( cosh(2 0) — sin(a) sinh(2( 

C^ = I , 

sec(a) coth(2 0) — tan(a) 



(4.14) 
(4.15) 

(4.16) 

(4.17) 

(4.18) 
(4.19) 



and we note that they manifestly depend on the five-dimensional dilaton/axion fields, and a. 
In fugure 2 the IIB dilaton and axion fields are plotted with the identical initial condition as 
figure 1. Note that the dilaton and axion fields exhibit the dilaton profile of Janus solutions. 
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Figure 2: A numerical solution for the dilaton and axion fields 

Indeed we will explicitly identify our lifted solution as a special case of the supersymmetric Janus 
solution in type IIB supergravity in the next section. 
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5 Supersymmetric Janus solution in type IIB supergrav- 

ity [HI 

As remarked in the introduction, the supersymmetric Janus solutions in type IIB supergravity 
were constructed by D'Hoker, Estes and Gutperle in [HI |T5l [IS] with variety of supersymmetries 
and isometrics. In this section we will show that by choosing metric and dilaton/axion fields to 
be the lifted ones in section 4, the supersymmetric Janus solution with SU{3) isometry in [H] 
is completely determined, i.e. it fixes all the IIB fields uniquely including three- and five-form 
fiuxes. 

We briefiy review the supersymmetric Janus solution with the internal space isometry SU{3) 
in type IIB supergravity [H]. The metric is given by 

ds' = fl (V + ds\,s,) + /i W + A,) + fldslp^ , (5.1) 

where 

A = ^sin^^ag, (5.2) 

and aj, z = 1, 2, 3, are the S'f/(2)-invariant one-forms. The five-form fiux is given by 

F(5) = /s ( - e° A e^ A e^ A e^ A e^ + e^ A e^ A e^ A e*^ A e^) , (5.3) 

where e", n = 0, . . . , 9 are the frames of the metric. The two- form gauge potential is given by 

Sf'r = C'(2) - ^5(2) = 2/3^2 - ^^3^2, (5.4) 

where C{2) and -8(2) are RR and NSNS two-form gauge potentials respectively, ^2 is the holomor- 
phic (2,0)-form on S"^, f^ and g^ are complex functions, and the bar denotes complex conjugation. 
The dilaton/axion fields are denoted by B with its associated function /. Overall, the most gen- 
eral solution with the SU{?>) isometry of internal space is specified by the seven functions, /i, 
/2, /3, 5'3, /4, /s, and B, and they depend only on the /i-coordinate. 
In section 9 of [14j, a special case is presented when 

a = -^f{h - Bg,) = 0, (5.5) 



h^ = 1 + ^ ^' - ^' ' (5-7) 



where a is a function defined for convenience in [H]. Furthermore, in this case, 

^ h ^ h 
where p is a constant, and some functions are integrated to hyper-elliptic integral as 
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where \1/ 



^ 



there 



-Ar- and Co is a constant. 

J2/4 



Now we compare the hfted metric, (4.7), and the dilaton/axion fields, (4.15) and (4.17), in 
section 4 with the supersymmetric Janus solution presented here. By comparing the metric and 
the dilaton/axion fields, we find that the functions are given by 

(5.8) 

(5.9) 

(5.10) 

B = ie'"" tanh0, / = cosh0. (5.11) 

Then we can plug the above set of functions into the field equations, (6.6), (6.13)-(6.16), and 
supersymmetry equations, (7.24)-(7.29), in [11] to solve for the rest of functions, and we obtain 



/l 


= cosh ' X ; 


/2 - 


1 /9 

= cosh ' X 1 


U = 


e^cosh^^;^ 



/5 



cosh(2 x) ~ 5 



4 cosh ' X 
/g = e^("-'^) sinh0tanhx: 



5-3 = -ie 



-iip 



cosh (f) tanh x - 



(5.12) 

(5.13) 
(5.14) 



These functions uniquely fixes three- and five-form fiuxes in (5.3) and (5.4). Furthermore, we 



note that this choice of the functions falls into the special case, a = 0, explained above, and we 
obtain the hyper-elliptic integral. 



dU 
dfj, 



e + g-2 



4 V9 



C^-'^ + ^ i^C',] e-i°^- 1 



(5.15) 



where \& = e and p = 1. This proves that the lifted metric and the dilaton/axion fields from 
the S'f/(3)-invariant truncation in section 4 indeed gives a special case of the supersymmetric 
Janus solution in type IIB supergravity in [14]. 
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6 Lift of the S't/(3)-invariant truncation to type IIB su- 
pergravity (continued) 

In this section we continue the hft of the S'f/(3)-invariant truncation to type IIB supergravity. 
We uplift the three- and five-form fluxes which were not lifted in section 4. The lift formulae for 
three- and five-form fluxes were proposed in [2S], however, we will find that the formulae do not 
work for the curved domain walls. We will propose modified lift formulae for three- and five-form 
fluxes valid for both the flat and the curved domain walls, and check them for some nontrivial 
cases including the S'f/(3)-invariant truncation. 



6.1 The three- form flux 

The three-form flux is defined by, e.g. 



G 



(3) 



dC(2) - rdB(^2) 

dC(2) - (C(o) + i e"*) dB(^2) 



{dC{2) — C(^o)dB(^2)] 



i e * (i-B(2) 



(3) 



te-'^H, 



(3), 



(6.i: 



where C(2) and i?(2) are RR and NSNS two-form gauge potentials respectively, and we also define 



'(3) 



dC, 



(2) 



C(r)\ dB 



(0) "-D(2) , 



H, 



(3) 



dB, 



(2) 



The lift formula for the two-form gauge potential was proposed in [28] 



B' 



pq 



kl'M'^'^iy^VKan [Vjjat 



(6.2) 
(6.3) 

(6.4) 



where y^ are the Cartesian coordinates for an M^ embedding of S^, ^^ are the intrinsic coordinates 



on the 5"^, A^ = S S"^, and S is given in (4.14). However, if we apply the formula to the SU{3)- 
invariant truncation with dilaton and axion fields, it does not produce the correct two-form gauge 



potential found in section 5, (|5.4|) with (|5.13|) and (|5.14|). By empirical observation we propose 

Qyl QyJ' 



a modified lift formula for two-form gauge potential. 



■"apq 



I 

V2 



E_„ = -— A-3(y^VK«"'') [Vlja, 



where A is the warp factor, and Bi 



B(2), B2 



C, 



(2)- 



We have verified that this lift for- 



mula indeed produces the correct two-form gauge potential in section 5. There is also another 



combination of two-form gauge potentials, 

e*'^ tanhx 



cosh 6 -^ ie^°- sinh 6 



where 



1^2 = ^e-^'" sin^ \2ide A (ai + i^a) + ^ sin(2^)((Ti + ia^) ^ a A , (6.7) 

is the holomorphic (2,0)-form of the internal space |23j . 

6.2 The five-form fiux 

The lift formula for five-form flux was also proposed in [28j, however, we found that it does not 
produce the correct five-form fiux for the S'[/(3)-invariant truncation with dilaton/axion fields in 
section 5. In this subsection we propose a modified lift formula for five-form fiux from empirical 
observations. 

We consider the metric, 

dsl^ = e^^^^Usl + d^i'' , (6.8) 

where ds{ 4 is any solution of A/" = 8 gauged supergravity in five-dimensions, and f 0/5 denotes 
the unit volume form of dsl^, and fo/4 of ds\. We define the geometric VT-tensors, 

Wab = - e"'^ y' y' Q'" V,,,, Vj^m , (6.9) 

Wabcd = + e"'' y' y' Vlaab Vjpcd , (6.10) 

and the geometric scalar potential, 

V = -^{2Wab W'^' - Wabcd W^"'^' ) . (6.11) 

The geometric superpotential, W , is one of the eigenvalues of Wab- 

Before presenting the modified lift formula, let us review the lift formula proposed in [28], 

F(5) = ^ + *^, (6.12) 

where 

J^ = diWvok). (6.13) 

Applying this formula to the S'f/(3)-invariant truncation with dilaton and axion fields, we obtain 

32 

J-" = -^V'jvol^ = cosh^ X ( cosh(2 x) — 5)7^0/5, (6.14) 

g 

19 



where V is the scalar potential and 7 is from the supersynimetry equations invoked when taking 



the derivative of the geometric superpotential. However, it is not the correct five-form flux, (|5.3|) 
with (5.12), as the correct one does not have the factor of 7'^ 



Now we propose the modified lift formula for five-form flux, 

32 ~ dW 

T = -Vvoh + j^de A voU, (6.15) 

where ^^ are the intrinsic coordinates of internal space. 

By employing the lift formula to the 5'f/(3)-invariant truncation with dilaton and axion fields, 
we obtain that V = V^W = W, so ^ = 0. Hence, the five-form flux is 

F(5) = cosh^ X ( cosh(2 x) - 5) vol, - ^"^^^j " ^ j^ ^ j^ ;, ^^ ^ a) , (6.16) 

2 cosh X 

where J2 is the Kahler form, and r] is the one-form dual to the Reeb Killing vector to be explained 
more in section 7. This is indeed the five- form flux found in section 5. We believe that the 



modified lift formula, (6.15), generates the correct five-form fluxes for all the flat domain wall 
cases that the lift formula in [28] was tested. So far we have verified that it does produce the 
correct five-form flux for the S'f/(2)xf/(l)-invariant truncation in section 3 of [23j. 

However, the lift formula only gives the terms of five-form flux which do not involve the 
gauge field, A^, in five dimensions. For the complete five-form flux, we will just present the flux 
obtained by using the results in [29], ^0\ , 

F(5) = cosh^x(cosh(2x) - 5) vok --*}CA{r] + A)- *{dA) A J2 

cosli(2 v) — 5 1 

^—i{ J2 A J2 A (r^ + A) - -^— }C A J2 A J2 - dA A J2 A iv + A), 

2 cosh X 4 cosh x 

(6.17) 

where 

/C = - sinh^(2x) {d^,tp +smh^(pd^a + g A^) dx^ . (6.18) 



In this section we proposed the lift formulae for three- and five-form fluxes, (6.5) and (6.15). 
However, we should stress that we have not derived them from a consistent truncation of type 
HB supergravity, but have constructed them based on empirical observations. It is possible that 
some modification would be needed in the general case, as they are modifications of the formulae 
in 1281. 



° In fact the five-form flux in (5.3) with (5.121, is also the correct five-form fiux in 231, which is the lift of 
the S'C/(3)-invariant truncation in the fiat domain wall i.e. without dilaton and axion fields. Hence, for the flat 
domain wall, 7 = 1, and the formula produces the correct five-form flux in [23]. 
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7 Type IIB supergravity on Sasaki-Einstein manifolds 

Recently there has been notable development in consistent truncation of type IIB supergravity on 
Sasaki-Einstein manifolds [221 EHl EB E2] • In this section, we will show that the S'f/(3)-invariant 
truncation of A^ = 8 gauged supergravity in five dimensions and its lift to type IIB supergravity 
in section 2, 4 and 6 provide a particular example of consistent truncation in [29l 130] . 
Locally the Sasaki- Einstein metric can be written as [29t [30] 



ds'^ {SE5) = ds^ (KEi) + 7] ^ ri, (7.1) 

where ds'^ {KE4) is a local Kahler-Einstein metric with positive curvature and 77 is a globally 

defined one-form dual to the Reeb Killing vector. There are also a globally defined Kahler 
two-form J2 and a (2, 0)-form complex structure ^^2, and they satisfy 

d7] =2J2, (7.2) 

dQ2 =^iV ^ ^2- (7.3) 

The type IIB metric is then given by 



ds^ = ei (^^ + ^) dsL) + e^^ ds" (KE^) + e'^ (r] + A) ^ (r] + A) , (7.4) 



where ds"^^-. is an arbitrary metric on an external five- dimensional spacetime, U and V are scalar 
functions [j and A is a one- form defined on the external five-dimensional spacetime. 

In [2S1 ED] it was shown that the consistent truncation of type IIB supergravity on Sasaki- 
Einstein manifolds leads to A/" = 4 gauged supergravity coupled to two vector mulptiplets in five 
dimensions. In section 5.3 and 5.4 of |29] and section 3.4.8 of [30], a particular truncation is 
presented, and for instance, the five- dimensional action for the particular truncation is [^ 

A™ = - Id^ad^^a - ^ smh^i2a) (0,9 - ^ e* 9^C(o) - SA^)^ 

- I cosh^ a (9^$ d^<^ + e^* a^C(o) d^C^o)) , (7.5) 

o 

V = + —g"^ (cosh2(2(j) - 4 cosh(2a) - 5) , (7.6) 

where a and 9 are five-dimensional scalar fields, n and $ and C(o) are dilaton and axion fields of 
type IIB supergravity respectively. This truncation without the dilaton/axion fields was used to 
construct a holographic superconductor in 



6 



Here U and V have nothing to do with the warp factor, U, in (2.24) and the scalar field, V, in (3.6). 



^ In the truncation in section 3.4.8 of jSHj, the dilaton/axion fields were not considered. 



Here a and 6 have nothing to do with the scalar field, a, in (3.6) and the phase, 9 in (2.45) 
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We found that the following reparametrization of the particular truncation precisely repro- 



duces the five- dimensional action, (2.17), and the lifted IIB fields of the S't/(3)-invariant trunca- 
tion in section 4 and 6, |j 

0- = X, 

_i fcosip — sin(a — ip) tanh( 



9 = Tan 



sinip — cos(a — ip) tanht;/ 
$ = In [ cosh(2 (j)) - sin(a) sinh(2 0) j , 

1 

sec(a) coth(2 0) — tan(a) 



^(0) = „„„..^ „„.... .^ rTTTTT ■ (7-7) 



This proves that the S't/(3)-invariant truncation of A/" = 8 gauged supergravity and its lift indeed 
provides a particular example of type IIB supergravity on Sasaki-Einstein manifolds in [291 EO] • 

8 Conclusions 

In this paper, we studied the S'[/(3)-invariant truncation of A/" = 8 gauged supergravity in five 
dimensions with dilaton and axion fields and its lift to type IIB supergravity. Furthermore, 
we showed that the two known supersymmetric Janus solutions in five and in ten dimensions, 
i.e. the super Janus in five dimensions [5] and the supersymmetric Janus solution with SU{3) 
isometry in type IIB supergravity [H], are constructed in a unified way in the framework of A/" 
= 8 gauged supergravity and its lift. 

As an application of the method presented here, one would construct the supersymmetric 
Janus solution with SU(2)xU{l) isometry in type IIB supergravity. As mentioned in the intro- 
duction, according to the classification of Janus solutions in type IIB supergravity [13], there are 
four kinds of solutions with S0{6), SU{3), SU{2)xU{l) and SO{3)xSO{3) isometrics, and each 
of them has zero, four, eight, and sixteen Poincare supersymmetries, respectively. However, the 
supersymmetric Janus solution with isometry of SU{2)xU{l) has not been constructed explicitly 
so far. On the other hand, there have been detailed studies on the SU{2) x f/(l)-invariant trunca- 
tion of A/" = 8 gauged supergravity in five dimensions [2T|, [33] and its lift to type IIB supergravity 
}23j . but they consider the fiat domain wall solutions without dilaton and axion fields. However, 
its A/" = 2 gauged supergravity counterpart was studied on the curved domain wall with dilaton 
and axion fields [37]. It would be interesting to study the S'f/(2)x?7(l)-invariant truncation of 
J\f = 8 gauged supergravity with dilaton and axion fields and its lift to type IIB supergravity. 
With this truncation, we would be able to construct the supersymmetric Janus solution with 
SU{2)xU{l) isometry in five and ten dimensions. 



We refer to appendix D for derivation of this reparametrization 

22 



As a different direction of generalization, one would consider the S'f/(3)-invariant truncation 
with the dilaton and axion fields, and also with the gauge fields. Recently, the SU(2)xU{l)- 
invariant truncation [2T1 [221 EH] was revisited in [HS] with the five-dimensional gauge fields dual 
to chemical potential in the boundary field theory. The domain wall solution then describes the 
RG flow interpolating two global AdS^^ spaces with chemical potentials [38]. The S'f/(3)-invariant 
truncation with dilaton and axion fields, also with the gauge fields would have supersymmetric 
Janus solutions with chemical potential, and it would be interesting to study this from the 
AdS/CMT perspective. Especially, as no black hole solutions have been constructed in the 
Janus geometries, it would be interesting to see if there are charged black hole solutions in the 
5't/(3)-invariant truncation. 
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A J\f = S gauged supergravity in five dimensions 

In this appendix we review A/" = 8 gauged supergravity in five dimensions with emphasis on the 
structure of its scalar manifold, Eq(^q)/USp{8), by following [20]. We will employ the conventions 
of [20] throughout the paper. 

The S0{6) gauged M = 8 supergravity in five dimensions [IHl [IHl EO] has local USp{8) 
symmetry, but global -£^6(6) symmetry of the ungauged theory is broken. The field content 



la 



consists of 1 graviton e^ ", 8 gravitini ip^j, °, 15 vector fields A^/j, 12 two-form tensor fields B^i, 
48 spinor fields x"'^'^^ ^ind 42 scalar fields (p"-^'^'^ where a, b, ... are USp{8) indices, J, J, ... are 
5'L(6,M), and a, (3, . . . are SL{2,'R). Here SL{6,'R)xSL{2,M.) is one of the maximal subgroups 

of Eq(^q). 

The infinitesimal -^6(6) transformation in the SL{6,M.)xSL{2,'R) basis, {zjj, z^"), in terms of 



A J, A"' 13, and T,jjKa was already given in (2.1) and (2.2). Exponentiating the transformation 



in (2.1) and (2.2) 



z'u = hj'^'^jZMN + y|f/p/37J^^^ (A.l) 

^^f^ = Upp ^" z''^ + yi U''^- zu, (A.2) 

we obtain the coset representatives in the 5'L(6,]R)xS'L(2,]R) basis, U^"^ kl, 11^'^^°' and Ui^'^^- 
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We also have the coset representatives in the USp{8) basis, 



yijab ^ 1 [{TKLrU^'KL + 2iTj,pr'U''^^] , (A.3) 



Via""' =\^2 [(^i.^)"'^^-''^ + 2(rK/3r'^/.^T 



(A.4) 



The inverse coset representatives are 

Vuab = I [{rKL)ab UlJ '"'' + 2 (F^,),, Uij ^"] , (A.5) 

o 

V'" ab = \^ [{TKL)ab ^'"""^ + 2 (F^^),, Uj^ ^'^] . (A.6) 

Now we consider the action of the theory f20|. The bosonic part of the Lagrangian is 

e-'C = -]r + Cun + V -\h^,,,E^-'^'' + ^e/^-P-e,;3 5^/"/^p5,r'^ + Ccs . (A.7) 
4 8 o^fe 

where the covariant derivative is defined by 

D^Xai = d^Xai + Q^a X^i — g A^jj Xaj , (A. 8) 

with the USp{8) connection, 



^ fia 



" = -1 

3 



V''''d,Vjjac + V'^'^d.Vj^,, + gA,jLr^''^i2Vj^V''jK - Vj^aeV'^''^) 



(A.9) 



The kinetic term for scalar fields is defined by 



^^''^ - ^^/.a6cdP'^'^'^^ (A. 10) 

where 

P^ "^"'^ = V"'' J J D^V^^"'^ + V""" D^,Vi^ '"^. ( A. 11 ) 

The scalar potential is defined by 

P = - ^ {2Wab H^"' - Wab.dW'"') , (A. 12) 



where 



We also define 



Wabcd = e"^ V'' Vlaab Vjp,d , (A. 13) 

Wab = W\^. (A. 14) 

H^,'''' = F^.'^' + 5^.'^', (A. 15) 
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where 



ab 



IJab 



■'jlU 






rj ab D ^CK -v 5 ab 



(A.16) 
(A. 17) 



for the last three terms of Lagrangian. 

We adopt the gamma matrix convention of [20], with 



|^»^^(i)| = 2 7t- 



(A. 18) 



where ?]*■' = diag{+, — , — , — , — ), and 7^°\ 7*^"'^-', 7^^-', 7*^^^ are pure imaginary as in four- 
dimensions and 7^^-* = i'j^^^ is pure real. The matrices 7^°-' and 7*-^^ are antisymmetric and 
ryW^ ^(2)^ ^(3) g^j,g symmetric. 



B SU{2, 1) algebra 

SU{2, 1) algebra is given by 



[Li, Lj\ — I jijk Lji 



with the structure constants 

/123 = 1 , /l47 = /l65 = /246 = /257 



/345 — /are — 7: , /458 — fers 



v^ 



(B.l) 



(B.2) 



The standard 3-dimensional SU{2, 1) generators are obtained by modifying SU{3) Gell-Mann 
matrices where the Gell-Mann matrices are 



/ 



Ai 






1 o\ 


1 








^ 



/ 



^ -i^ 



A, 



v 




i 



A. 



/ 



-i 

i 



0^ 

1 

10/ 



\ 



A, 



/ 



V 



, A7 



1 
0-10 
000 
\ 



\ 



, A4 



/ 



v 




-i 
I 



A, 



1 

7s 



J 



1 \ 

10 0/ 

'^ 1 ^ 
1 
0-2 



v 



Multiplying four of the Gell-Mann matrices by i, they close onto an SU{2, 1) algebra, 

.A, 



^1 — ^ , -t>2 — -^ , -'^S — ^ , -L4 — t— , L5 — t— , Lq — I—, L-j 



■ Ar , 

(B.4) 



(B.3) 



A, 
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where Li, L2, L3 are SU{2) generators, L4, L5, Lg, Lj are 5^(2)x'c/(i) '^oset generators, and Lg is 
a t/(l) generator. 

The generators in the 2 7- dimensional representation in section 2.2 corresponding to the 3- 
dimensional generators are given by 



L.^^E(2), L.^ ' 



4^2 



2^2 



(A(^)+A(6)), L7^^(A(^)-A(6)), L8-^^(A(5) + 3A(«)). 



2^2 



4v^ 



(B.5) 



C The supersymmetry variations for spin-3/2 fields 



In this appendix we present the S'f/(3)-invariant truncation of supersymmetry variations for spin- 



3/2 fields. The variation for t-, x-, y- directions is given in (2.37). For 2;-direction the variation 
is given by 



-2 e-^ 7(3)^9,61 -U'j^^n, -^gWh = 0, 
+2e-^7(=^)z9,e2 +U'^^^^e2 -\gW h = 0. 



(C.l) 
(C.2) 



For the variation in the r-direction we need to know the action of Q^a ^ tensor on the spinors. 



Qra Vil)b = +QlV(l)a + Q2V{2)a: 
Qra ^(2)6 = — Q2V(l)a " QlV(2)a 



(C.3) 
(C.4) 



where 



Qi = — i sinh X 

Q2 = - 



cos(a — ip) (j) — - sin(a — ip) sinh(2(/))a' 



sinhx ( sin(a — ip) (j)' — - sinhx-?/;' 



+ - I cos(a — ip) sinh(2 0) sinh^ — ;^ ( ~ 3 + cosh(2x)) sinh^ j a' 



Then the variation in the r-direction is given by 



drh - {+Qlh + Q2t2) + \gW-i^^'^e2 = Q, 

o 



drh 



Q2h -Qie2) - 7^W^7^'^ei = 



where W is the superpotential in (2.27). 



(C.5) 

(C.6) 

(C.7) 
(C.8) 
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D The parametrizations of the scalar manifold 

In this paper we have employed several different parametrizations for the four real scalar fields 
living on the scalar manifold, su(2)xu(i) • ^^ ^^^^ appendix we summarize the origins of and the 
relations between different parametrizations. 



The coset manifold, 



ds 



1 -CiCi - C2C2 

which is a Kahler metric with Kahler potential 



su(2)xu(i) ' ^^ topologically an open ball in C^ with the Bergman metric 

(D.l) 



2 _ rfClC^Cl + dC2d^2 ^ (Cl_f^C2 + C2C?C2)(ClC?C2 + (26^(2 



:i -CiCi -C2C2) 



/c 



1 



ln(l-CiCi -(2(2)- 



(D.2) 



The first two parametrizations of the scalar manifold we employed in this paper were the 



rectangular and angular parametrizations, {xi, X2, Xs, X4} in (2.15) and {x, V", 0, a}, respec- 
tively, for the the S'[/(3)-invariant truncation in section 2. The relation between them is given 



in (2.16). In terms of the rectangular parametrization, the inhomogeneous coordinates on the 



scalar manifold are given by 

{x\ + 1x2) tanh [ \ \/ x\ + 



Xr 



\/x\ + X. 



sech 



3 "•" 4 



C2 



(xs + ix/^ tanh f \ a/x| + 



X, 



We can reverse the relation to get 

Ci+Ci 



Xi 



where 



2Zi 



^1 



X2 



3 "*" 4 



Ci-Ci 

2i Zi 



(D.3) 
(D.4) 



X3 



C2 +C2 
2Zo 



X4 



C2 -C2 
2i Zo 



CiCiyi + C2C2 

2Tanh-^v/CKr 



C2C2 



2Tanh-^V^' 



(D.5) 



(D.6) 



Before proceeding to the third parametrization, we consider the 5'?7(3)-invariant truncation 
in terms of the complex coordinates, Cj, z = 1, 2. When we exponentiate the coset generators 



in (2.15), if we employ the complex coordinates by (D.5), we can have the action of the ^[/(S)- 



invariant truncation in terms of the complex coordinates 



^R + Lk,n + V - -^F^uF^" + Ccs. 



(D.7) 
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The kinetic term is 



£ 



kin 



h^jD^QD^Cj; 



(D.8) 



where the metric is the Bergman metric, (D.l), and the covariant derivative with respect to the 
gauge field is 

D,C, = d^Ci + 3gA^C,, D,C2 = d^C2. (D.9) 

The scalar potential is 



V 



3 2(L- IC2p)(2-3|Cip-2|C2 



(D.IO) 



(1 - icii^ - u^y 

Thirdly, in A/" = 2 gauged supergravity in five dimensions, there is another parametrization 
by the scalar fields, {V, a, i?, a}, which was employed for the super Janus in section 3. In terms 
of these scalar fields the inhomogeneous coordinates are given by [121 [S] 



Ci 

C2 







-22i?e*° 




1 
1 


+ 


R^ + V + 
R^ - V - 


ia 



1 



R^ + V 



la 



(D.ll) 
(D.12) 



By plugging (D.ll), (D.12) into (D.7), we precisely reproduce the action of the super Janus, 



(3.1). The rest of the truncation, e.g. the supersymmetry equations, can also be reparametrized. 



and they are explained in section 3. This reparametrization was used to establish the equivalence 
of the S'f/(3)-invariant truncation and the super Janus in section 3. 

Lastly, there is a parametrization by {a, 9, $, C(o)}, employed for a particular truncation of 
type IIB supergravity on Sasaki-Einstein manifolds in section 7. The $ and C(o) are the IIB 
dilaton and axion fields respectively, and a and 9 are some five-dimensional scalar fields. We 



briefiy mention that by comparing Killing vectors for (2.18) and (7.5), we have found the relation 
between {a, 6*, $, C(o)} and {x, ^J, (p, a} in (7.7). Note that the IIB dilaton and axion fields are 



indeed identical to the ones from the lift in (4.18) and (4.19) 



E The field equations of the /S't/(3)-invariant truncation 

In this appendix, we present the field equations of the S'f/(3)-invariant truncation. Let us consider 
the action for complex scalar fields and gravity. 



^ = V9 



\r+ ^g>^-^h^^d,<Pad,<Pj,-V{<PaAu) 



(E.l) 



28 



The scalar equations reduce to 
1 



1 

\l~9 



where 



5/.(v^^'^"5.0") + V\,g^- d^,<l>' d,4>' - h'^d-,V = 



d,{^g'''d,<f) + T'^i-^g^'^d.^p d^' - If'' d,V = 0, 



^ be — ''' '-^c'l'db ■ 



The Einstein equations are 



-fL/xi/ „ -'•' fi'/^i^ ■^ -^ /ij^ ) 



where the energy-momentum tensor is 



T, 



fj,!/ 



habdt,(pad^(j)^ 



9,.y ( Ij^f^Kl^ p(t)ada(h - '^i'P^ 



For the metric in (2.25), the Einstein equations reduce to 

3 



3 {U" + 2U'U') + j^e 



-2(7 



-2(-h 



ab Va Vb 



-V) 



3U'U' 



-2(7 



1 



P 



Kb<P'a<p-b + V) . 



(E.2) 
(E.3) 

(E.4) 
(E.5) 

(E.6) 
(E.7) 

(E.8) 
(E.9) 



Then, for the S'f/(3)-invariant truncation in (D. 7), in terms of the inhomogeneous coordinates, 
{Ci, C2}5 the field equations reduce to 



= AU'Ci + CI + 

= AU'C2 + C2 + 

= 3 {U" + 2U'U' 



2a(Cic; + C2a) , 3(7M-3CiCi-2C2C2 



1 -_CiCi -_C2C2 

2a(c_ia + c_2a) 

1 -CiCi -C2C2 

3 



4 1-C1C1-C2C2 



(E.IO) 
(E.ll) 



-2(7 



P 



^ 2 ( 1 Ciff + C2_C2 ^ 1 (CiCl + C2C2)(CiCi + ('2(2) ^g\i- C2C2)(2 - 3CiCi - 2C2C2) 



21-C1C1-C2C2 2 (i-c^(,-(^c2 



:i - CiCi - C2C2 



(E.12) 



= 3f/'f/' + ^e-2^ 

1 Clg + C2_C2 I l (Cia + C2a)(ClCl+C2C2) 3^ M1-C2C2)(2-3CiCi-2C2C2) 

2 1 - CiCi - C2C2 2 



:i - CiCi - C2C2) 



:i-CiCi-C2C2 



(E.13) 
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